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1. INTRODUCTION 
A Steiner triple system is a pair (S, t) where S is a set and t a collection 
of three element subsets of S such that each pair of distinct elements of S 
belong to exactly one triple of t. The number 1 S / is called the order of 
the Steiner triple system (S, t). It is well known that there is a Steiner 
triple system of order n if and only if n = I or 3 (mod 6). Therefore, 
in saying that a certain property concerning Steiner triple systems is true 
for all n it is understood that n = 1 or 3 (mod 6). Two Steiner triple 
systems (S, tJ and (S, tJ are said to be disjoint provided that tl n t, = m . 
In [l] Jean Doyen has shown the existence of a pair of disjoint Steiner 
triple systems of order n for every it > 7. In this same paper Doyen 
raised the question as to whether it was possible to construct a pair of 
Steiner triple systems of order n having exactly one triple in common 
for every n > 3. Such a pair are said to be almost disjoint. In [4] the 
author has shown that a pair of almost disjoint Steiner triple systems 
exist for every y1 3 3. The purpose of this paper is to give a very simple 
nonrecursive construction for pairs of disjoint and almost disjoint Steiner 
triple systems of every order. The construction is obtained via the use of 
Steiner quadruple systems. 
2. PRELIMINARIES 
A Steiner quadruple system (or more simply a quadruple system) is a 
pair (Q, q) where Q is a set and q is a collection of four element subsets 
of Q such that every three element subset of Q belongs to exactly one 
quadruple of q. The number I Q 1 is called the order of the quadruple 
system (Q, q). In [2] H. Hanani has shown that the spectrum for Steiner 
quadruple systems consists of all positive integers n = 2 or 4 (mod 6). 
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If (Q, q) is a quadruple system and x is any element in Q we will denote 
Q\{x} by Q, and the set of all triples {a, b, c} such that {x, a, b, c} E q 
by q(x). It is a routine matter to see that (Qz , q(x)) is a Steiner triple 
system. The following observation is crucial. Let (Q, q) be a quadruple 
system based on Q = {I, 2,..., 4 and let (Q, , q(1)) and (Q2, q(2)) be the 
Steiner triple systems obtained from (Q, q) by deleting 1 and 2, respectively. 
Denote by (Q,, , q(21)) the triple system obtained from (Q, , q(2)) by 
replacing 1 with 2. Then (Ql , q(1)) and (Qzl , q(21)) are triple systems with 
Q, = Q,l = (2, 3,..., 4. 
Claim. q(1) n q(21) = G’, x, Y> I 11, 2, x, Y> E 41. If& 2, x, Y> E qthen 
(2, x, y} E q(l), { 1, x, y} E q(2), and therefore (2, x, y} E q(21). Hence 
((2, x, y} 1 { 1, 2, x, y} E q} C q(1) n q(21). On the other hand, if 
{x,y,z)~qtl) with X,Y,Z f 2, then U,x,y,z)~q, tLx,y,z)$q, 
(x, y, z} $ q(2), and finally {x, y, z> $ q(21). Hence the triple systems 
(Q, , q(1)) and (Qzl , q(21)) agree exactly on the triples in each containing 2. 
3. CONSTRUCTION OF ALMOST DISJOINT STEINER TRIPLE SYSTEMS 
Let (Q, q) be a qradruple system of order n > 4 and let (Q, , q(1)) 
and (Qzl, q(21)) be the Steiner triple systems constructed as in section 2. 
We can assume that (2, 3,4} E q(1) n q(21). Let (Q,*, q(l)*) be the triple 
system obtained from (Q, , q(1)) by interchainging 2 and 3. Clearly 
(2, 3,4) E q(l)* n q(21). We show this is the only triple common to q(l)* 
and q(21). So let (2, 3,4} # {x, y, z} E q(l)*. If (2, 3) n {x, y, z} = o, 
then {x, y, z} E q(l)\{q(l) n q(21)) and so {x, y, z} # q(21). We need only 
consider the case where exactly one of 2, 3 belongs to {x, y, z}. If 
(2, y, z} E q(l)* n q(21) then (3, y, z} E q(1). However, since q(1) and q(21) 
agree on the triples containing 2, (2, y, z} E q(21) places (2, y, z} in q(l), 
which is a contradiction. A similar argument shows that (3, y, z} $ 
q(l)* n q(21). Hence (Ql*, q(l)*) and (Qzl , q(21)) agree exactly on the one 
triple (2, 3,4). Since there is a Steiner quadruple system of every order 
n = 2 or 4 (mod 6) the above construction gives a pair of almost disjoint 
triple systems of every order ti = 1 or 3 (mod 6). We will give an example 
of this construction in Section 5. 
4. CONSTRUCTION OF DISJOINT STEINER TRIPLE SYSTEMS 
Once again let (Q, q), (Q, , q(l)), and (Qz, , q(21)) be as above. We again 
assume that (1, 2, 3,4} E q. Let P(2, 3) = {{x, y} I (2, 3, x, y} E q}. Then 
I p(2,3)/ = (n - 2)/2. Let P* = {P E Q1 I (P, x, Y> E q(1) and Ix, ~1 E P(2,3)}. 
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Then / P* I = (n - 2)/2 - 1 and it follows that Ql\(P* u (2, 3)) is 
nonempty. As a consequence there is at least one element p in Q such that 
for no two-element subset (x, y} of Q do both (1, p, x, y> and (2, 3, X, y} 
belong to q. For the sake of notation we take p to be 5 in what follows. 
Now let (Ql*, q(l)*) and (Qzl , q(21)) be the pair of almost disjoint 
triple systems constructed in Section 3. We assume that {I, 2, 3, 4) E q 
and that for no two-element subset {x, y} of Q do both (1, 5, X, y> and 
(2, 3, X, y} E q. Let (Q$ , q(21)*) be the triple system obtained from 
(QzI , q(21)) by interchanging 3 and 5. Since (Qr*, q(l)*) and (Qzl , q(21)) 
intersect exactly in the triple (2, 3,4} and (Q,*, , q(21)*) is obtained from 
(Q,, , q(21)) by interchanging 3 and 5 we need only check triples containing 
at least one of 2,3, and 5. To begin with, since {Z, $4) E q(21)* we cannot 
have the triple (2, 3, 5) in q(21)*. Hence we need only check triples 
containing at most two of 2, 3, and 5. Suppose that: 
(1) (2,3, X> E q(21)* n q(l)*. Then (2, 5, X} E q(21) and (2,3, X} E q(1) 
gives both {1,2, 5, x) and {1,2, 3, x} in q, a contradiction. 
(2) (2, 5, x} E q(21)* n q(l)*. Then (2, 3, x} E q(21) and (3, 5, x} E q(1) 
gives both (1, 2, 3, x} and (1, 3, 5, X} in q, a contradiction. 
(3) (3, 5, X} E q(21)* n q(l)*. Then (3, 5, X} E q(21) and (2, 5, x} E q(1) 
gives (2, 3, 5, x} and {1,2, 5, x} in q, a contradiction. 
(4) (2, x, ~1 E qW* J-J q(l)*. Then (2, x, r> E q(21) and (3, x, ul E q(l) 
gives {1,2, X, y} and (1, 3, X, y} in q, a contradiction. 
(5) (3, x, Y> E qW)* n q(l)*. Then (5, x, Y> E q(21) and (2, x, Y) E q(1) 
gives, (2, 5, X, y} and (1,2, X, y} in q, a contradiction. 
(6) {5,x, Y) E&I)* n q(l)*. Then (3, X,Y) ~@l) and (5, X,Y} ~q(l) 
gives (2, 3, X, y> and (1, 5, x, y> in q, which is a contradiction since 5 was 
choosen so that for no pair (x, y} did (2, 3, X, y} and (1, 5, x, y} belong 
to q. 
Combining cases (1) through (6) completes the proof. 
5. EXAMPLES 
In this section we give examples of the constructions given in Sections 3 
and 4. Let (Q, q) be the Steiner quadruple system of order 10 given below. 
(Q, 4): 
Q = (1, 2, 3, 4, 5, 6, 7, 8, 9, lo}, and q = {U, 2, 3, 41, (1, 2, 7, 51, 
(1, 3, 5, 81, (1, 7, 6, 81, (1, 4, 5, 61, (1, 4, 8, 1% (1, 7, 9, 41, 11, 2, 8, % 
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0, 5, 9, 101, {I, 3, 6, 91, 11, 10, 3, 7), (1, 2, 6, lo>, (2, 3, 5, 61, (2, 3, 7, S:, 
(2, 7, 6, 91, 12, 9, 4, 51, (2, 4, 6, 81, (2, 10, 5, 81, (2, 10, 9, 31, (2, 7, 4, IO>, 
(3, 7, 6, 41, (3, 7, 5, 91, 13, 5, 4, IO>, (7, 5, 4, 81, (7, 5, 6, IO>, (5, 6, 8, 91, 
(6, 4, 9, 1% (6, 8, 10, 31, (4, 8, 9, 31, {S, 9, 10, 7)). 
<QI 2 q(l)): 
QI = i2, 3, 4, 5, 6, 7, 8, 9, IO}, and q(l) = ((2, 3, 4), (2, 7, 51, (3, 5, 81, 
{7,6,8), (4, 5761, {4, 8, 101, {7,9,4$, i-2,9, 81, {5,9, lo>, (3, 6,9}, (10, 3,7], 
12, 6, lo>>. 
(Qz 9 dW 
Q2 = (1, 3, 4, 5, 6, 7, 8, 9, lo>, and q(2) = ((1, 3, 41, (1, 7, 51, (1, 8,91, 
(46, 101, (3, 5961, (3, 7, 81, {7,6,9>, (994, 5), {4,6,8), (10, 5,8>, ‘ilo, 9231, 
1724, IO>>. 
(Q,I 2 @lN: 
Q2, = (2,3,4, 5, 6, 7, &9, 101, and q(21) = ((2, 3,4), (2, 7, 51, (2, 8,93, 
t2,6, 101, (3, 5,613 (3, 7, 81, (7, 6, 9>, {9,4, 51, (4, 6, 81, (10, 5, 8$, {lo, 9, 3}, 
(7, 4, lo>>. 
Note that (Q, , q(1)) and (Q,, , q(21)) intersect in exactly the triples 
(2, 3, 41, (2, 7, 51, (2, 8, 91, and 12, 6, 101. 
(Q1*, q(l)*): (Interchanging 2 and 3): 
Q1* = (2, 3,4,5,6,7, 8,9, lo>, and q(l)* = ((2, 3,4), {3,7, 51, (2, 5, 81, 
{7,6,8>, (4, 5,617 (42% 1% {7,9,4), (3, 8,9>, (529, 101, {2,6,9>, {lo, 2,717 
(3, 6, lo>>. 
The triple systems (Ql*, q(l)*) and (Qzl, q(21)) intersect exactly in the 
triple (2, 3, 4). 
In (Q, q) there is no pair {x, y} such that (1, 7, x, v} and (2, 3, x, y} 
both belong to q. Construct (Q,, , q(21)*) from (Q,, , q(21)) by inter- 
changing 3 and 7. 
(Q,*, , q(21)*): (Interchanging 3 and 7): 
Q,*, = (2, 3, 4, 5, 6, 7, 8, 9, lo>, and qW)* = ((2, 7, 41, (2, 3, 51, 
(2, 8,9:, 1236, 1% {7,5,6), {3,7,8>, {3,6,9>, (934, 51, (4, 6, S>, (10, 5, 81, 
-30, 9,719 (324, IO>>. 
The triple systems (Q1*, q(l)*) and (Q.&, q(21)*) are disjoint. 
208 CHARLES C. LINDNER 
6. PROBLEMS 
Some of these problems were originally raised by Doyen in [l]. 
(1) Denote by D(~z) the maximal number of mutually disjoint triple 
systems of order n. It is easy to see o(n) < n - 2. Jean Doyen in [I] has 
conjectured that this bound can always be obtained for n 2 9. This 
conjecture has been verified in the following special cases: 9 (T. P. Kirkman 
[3]); 11, 13, 15, 25, 31, 33, and 49 (R. H. F. Denniston, unpublished); 
and 3” for every n 3 1 (Luc Teirlinck [lo]). Can the construction given 
in this paper be used to extend these results? 
(2) Denote by O(n, k) the maximal number of Steiner triple systems 
of order n such that any two of them have exactly k triples in common. 
If k is any positive integer, can the techniques in this paper be used to 
show that D(n, k) > 2 for every n > k? 
(3) Two Steiner triple systems (Q, tl) and (Q, t.J are perpendicular, 
provided that (Q, tl) and (Q, tz) are disjoint and that whenever two pairs 
of elements appear with a third element in one system they appear with 
different elements in the other. References on construction of perpendicular 
Steiner triple systems include [4, 5, 6, and 81. The spectrum for pairs of 
perpendicular Steiner triple systems is still open. Can the techniques in this 
paper be used to construct perpendicular Steiner triple systems? 
(4) Given a quadruple system (Q, q), if for some x E Q the triple 
system (Q, , q(x)) is unplugged and replaced with a different triple system 
on these same elements the result is never a quadruple system. Is it possible 
to unplug several triple systems and replace them with triple systems 
so that the result is a quadruple system? 
(5) Is it possible to begin with one or more prescribed triple systems 
and construct a quadruple system? N. S. Mendelsohn and S. H. Y. Hung 
have done this for 13 in [7]. 
(6) An additional problem raised by Doyen in [I] is whether every 
Steiner triple system has a triple system on the same set of elements 
which is disjoint from it. If it is always possible to begin with a triple 
system and construct a quadruple system containing this system then the 
results in this paper can be used to answer Doyen’s problem in the 
affirmative. 
(7) In general not all of the associated triple systems of a given 
quadruple system are isomorphic. See for example [7]. Denote by Q(n) 
the maximal number of nonisomorphic triple systems contained in a 
quadruple system of order n. What can be said about Q(n)? 
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